Collective motion emerges spontaneously in many biological systems such as bird flocks, insect swarms and tissue under dynamic reorganization. This phenomenon is often modeled within the framework of active fluids, where the constituent active particles, when interactions with other particles are switched off, perform normal diffusion at long times. However, single-particle superdiffusion and fat-tailed displacement statistics are also widespread in biology as, e.g., they can represent optimal search strategies for living organisms. The collective properties of interacting systems exhibiting such anomalous diffusive dynamics -which we call active Lévy matter -cannot be captured by current active fluid theories. Here, we formulate a hydrodynamic theory of active Lévy matter by coarse-graining a microscopic model of aligning polar active particles performing superdiffusion manifest as Lévy flights. Using a linear stability analysis, our theory predicts spatially homogeneous disordered and ordered phases at high and low orientational noise levels, respectively, as in ordinary active fluids; however, in contrast to its conventional counterpart, the order-disorder transition can become critical. We further support our analytical predictions with simulation results. This work not only highlights the need for more realistic models of active matter integrating both anomalous diffusive motility and inter-particle interactions, but also potentially enriches the universal properties of active systems.
Active matter refers to systems comprising entities with the ability to generate directed motion perpetually [1] [2] [3] [4] [5] [6] . Interactions among these constituent units can cause the spontaneous emergence of collective behaviour that includes collective motion [7] [8] [9] [10] , turbulent patterns [11] [12] [13] [14] [15] [16] [17] [18] [19] , and motility-induced phase separation [20] [21] [22] [23] . Paradigmatic examples are suspensions of swimming microorganisms [11, 13, 18, [24] [25] [26] , living cell tissues [27] [28] [29] [30] [31] [32] , the cellular cytoskeleton [6, 33, 34] , collections of social animals like birds, fish, ants and even humans [10, [35] [36] [37] [38] , or of artificially engineered self-propelled particles [39] and robots [40] . Almost all existing models of active matter assume relatively simple microscopic dynamics [2, 4] . However, superdiffusive dynamics, manifest as the super-linear scaling exponent for the position mean-square displacement and heavy-tailed displacement distributions, is also relevant in this context, as recently confirmed in experiments [41] [42] [43] . For instance, it can represent an optimal search strategy for living organisms in specific environmental conditions [44] [45] [46] [47] . Interestingly, superdiffusive dynamics can also emerge from nonlinear and memory effects characterizing the underlying microscopic dynamics [48] . It is therefore surprising that the emergence, stability and universality of collective phenomena for interacting systems adopting such single-particle dynamics, which we call active Lévy matter, have not been investigated so far.
In this Letter, we formulate such a hydrodynamic theory of active Lévy matter. We do so by coarse graining, using the BBGKY hierarchical formalism [49] , a microscopic model of active particles performing superdiffusive motion modeled as Lévy flight [50] [51] [52] , i.e., a Markovian random walk process with a heavy-tailed jump length distribution, with short range interactions that promote polar alignment of their orientations, and with angular Lévy jumps diffusion (see schematics in Fig. 1 ). We then analyze the resulting hydrodynamic equations with a linear stability analysis on the spatially homogeneous disordered and ordered states, and find that, distinctly from conventional active fluids, the system can exhibit critical behavior at the onset of collective motion. Microscopic dynamics. We consider a microscopic system of N identical particles with dynamics described by the Langevin equations of motion (EOM)
where the index i refers to the i-th particle, the unit vector n(θ i ) ≡ (cos θ i , sin θ i ) prescribes its direction of motion, and the alignment force is
otherwise, with d > 0 the interaction range [7, 53] . The angular noise ξ is a white Gaussian noise of variance σ, i.e., ξ(t)ξ(t ) = 2σδ(t − t ) with · denoting the averaging over ξ, and the random step size η is a one-sided positive Lévy stable noise with stability index 0 < α < 1 
where ≺ · denotes the averaging over η. The random variables ξ, η are independent, and Itô prescription is used to specify the multiplicative term in Eq. (1). The random variable η is chosen as such to ensure that the stochastic increments |r i (t+∆t)−r i (t)| = t+∆t t η i (t ) dt over a small time step ∆t, which represent the distance traveled by the active particle in the direction θ i (t), are non negative so that the sign of n is determined only by the particle interactions and the angular noise. For α = 1, Eqs. (1) reduce to self-propelled dynamics with constant particle velocity [7] .
BBGKY formalism & hydrodynamic equations. To apply the BBGKY formalism, we first derive from these 2N Langevin equations the corresponding Fokker-Planck equation governing the evolution of the distribution function P N ({r i }, {θ i }, t). Generically, the dynamical equation of P will be dependent on the two-particle distribution function P 2 . To close the equation, we will adopt the factorization approximation: P 2 (r 1 , θ 1 , r 2 , θ 2 , t) P (r 1 , θ 1 , t)P (r 2 , θ 2 , t), which is akin to the molecular chaos approximation in Boltzmann kinetic theory. This approximation is particularly suited for dilute systems with long-range particle interactions such as plasmas [55] . In our system, although the alignment interaction defined in (1) is short-range, the Lévy flight dynamics enable particles far from one another to interact, thus potentially improving the accuracy of this assumption.
In the hydrodynamic limit, the interaction range d may be taken to be infinitesimal such that (dropping the subscripts in r and θ to simplify the notation) the equation for P is (see [56] for details)
where we introduce the functional of P [53, 57-62]
with the translation operator T ± ζn(θ) P (r, θ, t) ≡ P (r ± ζn(θ), θ, t). The Fourier transform of the fractional derivative (4) 
αP (k, θ, t). Eq. (3) is a fractional advection-diffusion equation [64] where the angular statistics is not prescribed a priori but is determined by the complex dynamics of the active Lévy particles.
To further reduce the equation of the single particle density function P to a set of hydrodynamic equations, we Fourier transform P with respect to the angular argument [53, [57] [58] [59] [60] [61] [62] : P (r, θ, t) = (2π)
imθ P (r, θ, t) dθ is the m-th order angular mode. These modes are related to the density field ρ(r, t) ≡ π −π P (r, θ, t) dθ, and the director field p(r, t) ≡ π −π n(θ)P (r, θ, t) dθ as ρ(r, t) = f 0 (r, t), and p(r, t) = (Re f 1 (r, t), Imf 1 (r, t) ) . In addition, we Fourier transform Eq. (3) with respect to the spatial argument. By writing out explicitly the direction of the spatial Fourier variable as k ≡ kn(φ) with k ≡ |k| [65] , the Fourier transform of the non local advective term can be expanded as
(5) where we introduce α-dependent real and positive coeffi-
We have numerically checked that these coefficients scales asymptotically as m −1−α , thus ensuring the convergence of the series expansion. Combining this result with the expansions for the other terms and using the property i −m Υ −m = i m Υ m yields the equations for the angular modes in angular-spatial Fourier space [56] .
where denotes the convolution of two functions, i.e.,
. Continuum equations for the fields ρ, p are derived by choosing the same approximation scheme typically used for ordinary active fluid models [53, 57, [59] [60] [61] [62] , where one assumesf m 0 for m ≥ 3 and ∂ tf2 0. The justification here is twofold: (i) all the extra terms resulting from the expansion of the fractional operator are proportional to k α , thus becoming negligible in the hydrodynamic limit (k → 0); (ii) the term among them singled out in the lhs of Eq. (6) exerts a damping effect on the dynamics of the mode, which grows as m 2 . With these assumptions the equation forf 2 becomes algebraic and can be solved [56] . The resulting hydrodynamic equations of ρ and p are 
with the auxiliary non-linear vector functions
the vorticity vector ω(r, t) ≡ ∇ × p and p ≡ |p|. We also define the auxiliary functions of the density field
We note that a recent related work [67] has also studied a hydrodynamic formulation of a system of interacting active particles with anomalous dynamics. However, the only hydrodynamic variable considered there is the density field and the resulting theory disallows collective motion.
In the EOM (7) and (8), the non-local character of the single-particle superdiffusive dynamics is manifest as terms displaying both the fractional Riesz integral I β , which is defined (for Re β > 0) by its Fourier transform [63] . For β = 0 these operators reduce to the identity. Therefore, setting α = 1, in which case Υ i = 0 for all i = 1 and Υ 1 = −1/2 (see [56] ), Eqs. (7, 8) recover the hydrodynamic equations of ordinary active fluids [8, 9, 68] .
Eqs. (7) and (8), and many terms appearing therein, can be understood by comparison with the corresponding equations of ordinary active fluids [9] . Eq. (7) expresses mass conservation similarly to the conventional continuity equation because the total mass change over an infinitesimal time interval is related to the Fourier transform of ρ as ∂ t R 2 drρ(r, t) = ∂ tρ (k, t)| k=0 . Since ∂ tρ (k, t) ∝ k α , the total mass of the system (k → 0) is conserved over time. The term D α ρ in its lhs describes the anomalous enhanced diffusion due to the Lévy stable distributed particle displacements. Its effect can be understood by calculating the solution of the equation with p = 0 for the initial condition ρ(r, 0) = δ(r − r 0 ). This is ρ(r, t) = (Υ 0 t)
α dk and J 0 a Bessel function of the first kind [69] . This solution spreads out in time, i.e., this term tends to make the system homogeneous. Interestingly, the non local character of this term is characterized by rotationally invariant stable jump distributions with stability parameter α [70]. The first term in its rhs is a fractional divergence, thus quantifying the flux of active particles. Indeed its integral over the prescribed volume V ⊂ R 2 is given by
. This term is thus the flux of active particles jumping into V from an arbitrary position r + ζ averaged over all possible jumps with statistics specified by the probability measure µ 1 (dζ) ≡ (2Υ 1 /µ 1 )ζ −1−α dζ. We note that the weight function appearing therein is the distribution of one-dimensional stable variables with stability index α, i.e., it is equal to the step size statistics in the microscopic model [72] . The third term can be interpreted as a nonlinear contribution to the flux: we can write similarly
. This is the flux of the vector field Ξ 0 , which depends non-linearly on p (Eq. (9)), averaged over all jumps with probability measure µ 2 (dζ) ≡ (γΥ 2 /2σµ 2 )ζ −α dζ. Higher-order terms in the Fourier angular expansion can thus exhibit not only non-linear fields contributions but also non trivial jump statistics.
Eq. (8) determines the dynamics of p by accounting for both passive and active contributions due to the rotational diffusion of active particles and their anomalous displacement statistics and alignment interactions respectively. The first term in its rhs typically characterizes alignment interacting systems, but is here augmented by the anomalous diffusive term Υ 0 D α p (similar to Eq. (7)). The viscous term D 2α p, the hydrodynamic pressure gradient I 1−α ∇ ρ − (5γ/16σ)p 2 , the convective term I 1−α (p·∇)p and the non-linear one I 1−α (∇·p)p have also their counterparts in the Toner-Tu equations. However, the fractional operators extend their effect nonlocally across the system size: These latter three terms can be rewritten as their local value at the shifted position r + ζ averaged over jumps ζ with probability measures ∝ µ 1 ; likewise, the viscous term is specified by the vector step distribution µ 3 (dζ) ∝ ζ −2−2α dζ, which is characteristic of rotationally invariant stable variables with index 2α [70] . The remaining terms have no counterparts in ordinary active fluids (indeed they disappear for α = 1). We identify viscous terms I 2−α ∇ 2 (ρp) and I 2−α κ 1 (ρ)∇ 2 p, one that contributes to the hydrodynamic pressure I 2−α ∇[ρ(∇ · p)] and one that depends on the vorticity and density fields I 2−α [∇ × (ρω)]. Their nonlocal behaviour is specified by probability measures ∝ µ 2 . Further higher-order non-linearities manifest as terms dependent on the vector fields Ξ 1 , Ξ 2 complete the hydrodynamic description.
Linear stability analysis at the transition. At the mean-field level, all terms involving (integral or fractional) spatial derivatives can be ignored. Eqs. (7, 8) thus indicate (a) the disordered phase with p * = 0 for σ ≥ σ t ; and (b) the ordered phase with p * ≡ 8σκ 0 (ρ * )/γ 2 e 1 and e 1 the direction of spontaneous symmetry breaking for σ < σ t , where we define the density dependent threshold noise strength σ t (ρ * ) ≡ γρ * /2. We now perform a linear stability analysis on these mean-field solutions. By expressing ρ and p as ρ * + δρ(r, t) and p * + δp(r, t) respectively, where δρ(r, t) = δρ 0 e st+iq·r and δp(r, t) = δp 0 e st+iq·r , we solve (7) and (8) at the linear level. Elimination of the arbitrary parameters δρ 0 , δp 0 then yields the dispersion relation with solutions s ± (q) such that Re s + > Re s − , and the spatially homogeneous phase is only stable if Re s + < 0. Similarly to ordinary active fluids, the disordered phase (a) is stable against perturbations in all directions [56] . For the ordered phase (b) we obtain (after an asymptotic expansion for q ≡ |q| 1 and σ σ t ) [56] ,
The first eigenvalue, s − , always has a negative real part in the hydrodynamic limit and describes the fast relaxation of small perturbations from p * . For normal active fluids (α = 1), the real part of the second eigenvalue, s + , is always positive as the system approaches the onset of collective motion, indicating the banding instability that renders the transition first-order by pre-empting the critical transition predicted by the mean-field theory [73] [74] [75] [76] . For our active Lévy matter, instead, the eigenvalue has a negative real part if the condition below holds
Because Υ 0 > 2Υ 2 for all α = 1, the ordered phase always remains stable as q → 0. Our interpretation of this result is that the Lévy motion of the active particles effectively increases their interaction range to the extent that the transition can now become critical. Numerical simulations of the microscopic model (1) supports this prediction (see Fig. 2 ). Conclusion & Outlook. By starting with a microscopic model of aligning active particles that perform Lévy flights, we derived the hydrodynamic description of the model via the BBGKY hierarchical formalism. We then performed a linear stability analysis on these equations at the onset of collective motion and show that unlike ordinary polar active matter, the order-disorder transition in active Lévy matter can be critical. Remarkably, this result suggests that scaling exponents for active Lévy matter can be identified not only deep in the ordered phase but also at the critical order-disorder transition by using dynamic renormalization group methods, similarly to what was accomplished for ordinary active matter in incompressible conditions [77] [78] [79] . Other intriguing directions include the investigation of the effects of Lévy dynamics on diverse collective phenomena in active matter other than collective motion such as active turbulence [11] [12] [13] [14] [15] [16] [17] [18] [19] and motility-induced phase separation [20] [21] [22] [23] , as well as their relevance to biological systems [80] . 
